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The authors compare different notions of similarity of vertices of a graph, where the similarity is defined
in terms of either vertex removal or vertex addition. Specifically, for a graph G = (V, E) and u,v € V, u
is X-similar to v if the property P(X) holds, for the following notions of X and P(X):

e automorphism: 3 o € Aut(G) such that o(u) = v;
e removal: G —u = G — v;

e attachment: G¥1 = G"1, where G*1 is the graph obtained from G by adding an additional vertex,
and an edge from this vertex to z € V;

e NDS: NDS(u, G) = NDS(v, G), where NDS(z, G) is the neighborhood degree sequence of x;
e attachment index: o(G*1) = o(G"1), where p(G) is the spectral radius of G;

e removal index: o(G — u) = o(G — v);

e cospectral: G — u is cospectral to G — v;

o attachment CS: II(G"1) = II(G"1), where II(G) is the complementarity spectrum of Gj

e removal CS: II(G — u) = II(G — v).

The authors prove theorems that place these variations of removal and attachment similarity into a
hierarchy, with automorphism similarity (equivalent to attachment similarity) being the strongest notion.
Where possible, they give examples of graphs having a small number of vertices that satisfy a weaker
notion of similarity but not a stronger one: for instance, they state that removal similarity and cospectral
similarity coincide on graphs of order at most 7, and give an example of a tadpole graph on 8 vertices
having a pair of cospectrally similar vertices that are not removal similar.

Since testing for graph isomorphism is in general a difficult problem, the ability to test for the existence
of non-similar vertices for some weaker notion than automorphism similarity is useful. In particular, CS-
similarity is offered as one more tool for this purpose in this paper, since it is stronger than index-similarity,
yet not as computationally expensive as testing for graph isomorphism; specifically, an example of a graph
on 12 vertices is discussed, where neither NDS-similarity nor cospectral similarity help in determining
whether two attachment index-similar vertices are automorphically similar, but CS-similarity is found
helpful.

It is a natural question to ask whether a weaker notion of similarity implies a stronger notion under
additional restrictions on the vertices. The authors show that this is indeed possible in some cases. For
instance, attachment similarity is in general stronger than attachment index similarity. But, it is proved
that for a starlike tree, two leaves are attachment similar if and only if they are attachment index-similar.

There are also cases where the (non-)existence of the reverse implication is unclear: while attachment
similarity implies attachment CS-similarity, the authors state that they are not aware of the existence of
any connected graph for which attachment similarity is different from attachment CS-similarity. Similar
remarks are made for removal similarity vs. removal CS-similarity.

Two additional remarks:
e On page 5187, read “NDS-similar” in place of “NSD-similar”.

e For Theorem 2.1, the proof that (ii) implies (iv) may require further elaboration. Alternatively,
one can show that (ii) implies (i), as below. Here, (i) is the statement that w is automorphically
similar to v, (ii) is the statement that v is attachment similar to v, and (iv) is the statement that
G"H = G"H for all rooted graphs H, where G*H is the graph obtained by adding an edge joining
the vertex = of G to the root of H.

First, we check that if w and v are attachment similar, then they have the same degree. Let d, =
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dego(u) and d, = degg(v). Since G¥1 = GY1 by hypothesis, the sets S, = {z € V(G"1) :
deggu, () = dy + 1} and S, = {y € V(G"1) : degqv,(y) = dy + 1} have the same cardinality.
Note that S, = {u} UT, where T = {x € V(G) : degg(x) =d, +1}. If v € T, then S, =T\ {v},
and if v ¢ S, UT, then S, = T. Either case contradicts that |S,| = |S,|. Hence, S, = {v} UT, so
dy+1=d,+ 1. Thus, d, = d,.

Next, let ¢: G¥1 — GV1 be an isomorphism. Let zy = u, and define z; = ¢(x;—1) for ¢« > 1. If
x1 = v, then we are done, so suppose that z1 # v. Then, 21 € T. Note that ¢(T) C S, \ {z1}. In
particular, there exists ¢ > 1 such that ¢(z;) = v, by the pigeonhole principle. Then, iterating the
map ¢ appropriately, we obtain an isomorphism ¢: G*1 — GV1 such that ¥ (u) = v.

This proves that (ii) implies (i). Since it is easy to see that (i) implies (iv), this is an alternative
way to complete the required chain of implications to prove Theorem 2.1.
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